Formal Concepts and
Analogues

EXxpectations: Basics

Forecasts or views agents hold about future variables of
interest.

Substantial effect on current choices and overall activity.

Evolution of Modeling Expectations: Cobweb, Adaptive,
and Rational Expectations.

One form of expectations, rational expectations (RE), is a
particular equilibrium concept.

RE represents the optimal choice of the decision rule used
by agents depending on the choices of others.

An RE equilibrium (REE) condition imposes a consistency
condition that each agents’ choice IS a best response to the
choices of others.




e In contrast to a mathematical expectation, which is a
summary measure (expected value), a conditional
expectation is mathematical expectation with a modified
probability distribution (“information set”).

Solution Procedure(s): Method of Undetermined
Coefficients and MSV

e “Closing the model” involves taking unknown variables
(i.e., expectations) and expressing them in terms of other
“known” variables.

e The method of undetermined coefficients is a particular
solution process that closes a model.

e A minimum state variable (MSV) solution is the simplest
solution when using the method of undetermined
coefficients.



Operational Issues to Model and Test
EXxpectations

1. How Do We Express Conditional Expectations?
We use expectation operators:

Ew1Yt means agents use all available information in the model
(up to period t-1) to forecast Y,

Or

E:Yt+1 means agents use all available information in the model
(up to period t) to forecast Yi+1.



1 EXxpectation Operators
Consider the equation:
Ve =+ PE 1Yer1 +0x +ug (1)

The expectations operator, E,_; , means (under rational
expectations) use all available information up to period t —i
(assumed to be in the model — in (1) that is very simple) — in
making predictions.

Variations on (1):

1.Ei1Ye =a+ BE_1Yer1 + OE_1x;

And more generally:

2. Vey1 =+ BE Yo + 0Xppq + Upyq

3. Et_1Ye41 =+ PEc_ Ve + OE X141

Continuing:

A4 Yy = a+ PEcyeys + 60Xy + Upsr

5. Et 1 Yty2 = a+ PE_1Yry3 + OE_1X¢4p



Furthermore, what happens if we use E; instead of E;_; in (1)?

6. Etyr = a + BEtYirq + 0Ex;

1. EtYers =a+ PE ey + 0Exiy



2 Unconditional Expectations
Model

Vi=a+Bxt+pYVi—1 — Ei-1)) + & (2)

where ¢, 1s iid with E(e;) =0 . Taking unconditional
expectations (that is, y,_; — E(y.—,) = 0) of (2), we get:

E(y)) =a+ px;

E(i-1) =a+ fxeq

Now, close (2):

Ve = a+ Bxe+pyr—1 —pla+ Bx_1) + &

Collect terms:
Ve — PYi-1 = a+ Bxy —pa—pBx_, + &

Vi — PYi-1 =a —pa+ fx;— pPxi_, + &

Using “L” as the lag operator, we get:

A—-pL)ye =1 —pl)a+ (1 —pL)Bx; + & 3)



Divide both sides by (1 — pL):
Ve =a+Bx.+ (1—pL) e

=E(y) + (1 —pL) e

This means therefore that;

e —EQe) =1 —pL) e

=&+ p&r_1 + pPEp +

which is an MA(qQ) process and by invertibility is an AR(1)
process.



3 Rational Expectations

If we now use rational expectations and use the information in

the model at up to time t-1, we will find the following:
Ve =a+Bxe +p(Ve—1 —Ee—1ye-1) + & (4)

where ¢, is iid with E;_;(g;) = 0. Under rational expectations,
it is assumed that y,_; — E;_{y;—; = 0. Therefore, under

rational expectations, (4) is equivalent to:

Ve =a+ Px. + &



4 Rational Expectations

Under Rational Expectations

We can see that unconditional expectations provide an alternative
dynamic process to a conditional process that assumes rational
expectations. Note the difference between conditional and
unconditional expressions resides in what period information is
available to agents. And does this difference under alternative
timing lead to different results for rational expectations and
“persistence”? In other words, what occurs if the expression
(Vi—q — E;_1V¢_1) is instead (y,_; — E,_,y,_1)?" In the latter case,
agents only have information available up to one period BEHIND,

when they make forecasts.

Rewrite (4) as:

Ve =2t + p(Ve—1 — Ec2Ye—1) + & (5)

where z, = a + Bx,_, + n, for purpose of simplicity.

! The equivalent is (y; — E;_1V¢).



First, solve for y,_4:

V-1 = 2Zt—1+ p(Ve—2 — Et—3Ve—2) + &1 (6)
and E;_,y;_, equals:

Et 2Yt-1 = Et—22¢-1 + p(Et—2Yt—2 — Et—2(Et-3Yt-2)) (7)

=Er 221+ p(Ve-2 — Et—3V1-2) (8)

Subtract (8) from (6):

Vi1 — Et—2Ve1 =21 — E¢_9Z;_1 + €14 9)
Plug (9) into (5):

Ve =2 + p(Zp—1 — Bt 224 1) + per_q + & (10)

Now C|OS€ Et_zzt_l and note that Zi_1 = + let_z + Net—1
(add a stochastic term for purpose of allowing for updating), we

flnd that Zt—l - Et_zzt_l |S

Ze1— Er 221 =N (11)
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With this result, we can rewrite (10), expand z; and note the

lagged appearance of persistent shocks:

ye=a+Pxe—q+ 1 —pL)n.+ (1 —pl)e
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How Do We Solve for Models with Expectations?

e This 1s called “closing” a model. “Closing the model”
involves taking unknown variables (i.e., expectations) and
expressing them in terms of other “known” variables. There

are many ways to do this.

e The simplest way is to simply substitute for the

expectations operator.

e A second, more general way is to use the method of

undetermined coefficients.

Consider the Cobweb Model:

Vi =a+ PE_1y: +yweq + & (1)
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Method of Substitution

From (1), we have:

Ee 1ye=a+BE 1y + Et 1Y Wi
=a+ PE_ 1y + YW (2)
From (2), we have:

Ec 1y: —BEi_1Yye =a+ywi_,q
(1=PB)Ei_1yr =a+ywe_q
Ee-1ye = (25 + GLwes (3)

Then substitute (3) into (1), we have:

ye=a+p [(1 ﬁ) + (1Zﬁ) wt—1] T YW T &

- [e+ (B [) 2o

_ (a—icf’;-aﬁ) n (By?_/;ﬁy) w1+ &

= — ﬁ —t ﬁ w¢_1 + & (Rational Expectations Equilibrium (REE))
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The intuition of the REE is as follows:

A rational expectations equilibrium imposes the
consistency condition that each agent’s choice 1s a best
response to the choices by others (Evans and Honkapohja
2001: 11).
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Method of Undetermined Coefficients (See Enders)

We can first assume the REE of equation (1) is:

Ve =l +jweq + & (4)

e \We do not know what the II’s are, but we first assume that
there exists an equilibrium (REE) in the Cobweb Model.

That 1s what we call “the method of undermined

coefficients.”?

Now take E;_; in equation (4), we have:

Ei_ 1y =1y + w4

Then plug it in equation (1), we have:

ye=a+ By +Mjweq1) +ywe—1 + &

? Note that the Minimum State Variable (MSV) Solution is just the simplest
parameterization one can choose using the method of undetermined coefficients.
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We collect terms and have:
ye = (a+ Blly) + (v + Bl w1 + & 5)

e The expression of equation (5) is identical to that of
equation (4), so the coefficients of equation (4) should be

consistent with equation (5), such that

[From equation (4)] I, = a + BII, [From equation (5)]

I, =y + pI,

Now solve for I1, and I1;, we have:

I, = (6)

na
1-p

Therefore, we get the rational expectations equation by
putting IT’s (result 6) back into equation (4):

a 14

yt=1_ﬁ+1_’8wt—1+gt
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Conclusion
e Again, both methods are consistent. But the method
of undetermined coefficients is more general and
easier to solve for the REE (if we have a different
expression of the DGP, other than the Cobweb

expression (e.g. E;y;,qInstead of E;_,y;).
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